Abstract. In this paper a general equilibrium model of an intraurban system is presented in which the services sector is explicitly introduced. By restricting the location of the services sector to the city center, three possible land-use patterns are derived from the model: centralized, decentralized, and integrated. By applying the new technique of catastrophe theory into this new urban economic framework, it is shown that the spatial structure which will dominate the intraurban space will depend on the values of two parameters, representing the income level and the unit cost of transporting the central services. When these parameters take certain critical values the urban system may undergo catastrophic structural transitions from equilibrium to disequilibrium or the reverse.
Introduction
As widely observed recently in the urban world, the services sector has been growing very fast and is playing an increasingly important role in the urban economy. Take the Tokyo metropolitan area as an example, the rate of increase of the services (or the tertiary) sector from 1980 to 1985 was recorded as 12.4%, whereas that of the secondary sector was only 6.1%. Also, the employment share of the services sector in 1985 rose to 60.6% whereas that of the secondary sector declined to 33.8% (Miyao, 1988) . Here, the services sector implies those economic activities that are essential to the whole urban economy. Some examples are wholesale and retail, medical and educational services, insurance and finance, and the business services like advertising, engineering, and consulting. These activities appear very important to the urban economy in that they provide the most indispensable goods and services for urban business firms and households. For one thing, within an urban area the existence and variety of the services can affect the locational behavior of firms and households, causing differential intraurban spatial structure to result. In a system of cities, for another thing, the higher level of the service supply may help cities succeed in competing for populations (employment), encouraging the efficient system of cities to develop. Unfortunately, in the literature of urban economics (for example, Alonso, 1964; Henderson, 1985; Kanemoto, 1980; Mills, 1972; Miyao, 1981) , very few attempts have been made explicitly to introduce the services sector into urban modeling. In this paper, as a trial contribution to this somewhat vacant field, I aim to examine the relevance of the services sector and the intraurban spatial structure through a theoretical urban model.
What I want to present here is a model that belongs to the so-called new urban economics (see Richardson, 1977) . But in the analysis the new technique of catastrophe theory is utilized. As to catastrophe theory, there have been a number of applications to the urban and regional studies as reviewed by Wilson (1981) , but there seems to be no literature of new urban economic models in which the new technique is used, except by Fujita and Ogawa (1982) . Even in Fujita and Ogawa's work the catastrophic phenomena in urban space were only suggested through numerical explorations without mentioning some of the essential concepts in catastrophe theory, such as degenerate singularity and bifurcation. In this sense, methodologically, I hope to provide an example of how to apply catastrophe theory to the new urban economic models.
I will build in section 2 a general equilibrium model of an urban system with three economic sectors: household, firm, and the services sector. By restricting the location of the services sector to the city center, I will derive from the model three possible land-use patterns: centralized, decentralized, and integrated, which are then analyzed intensively in section 3. In section 4, I try to apply catastrophe theory to show the structural stability of equilibria obtained by supposing that some parameters of the model are changing their values. It is found that the equilibrium spatial pattern which will dominate the intraurban space will depend on the values of two parameters which represent the income level of the city and the transport cost of the central services. It is also shown that when the parameters take certain critical values the urban system may undergo a catastrophic structural transition from an equilibrium state to a disequilibrium state, or the reverse. Also, suburbanization is shown to be a process that may involve discrete structural fluctuations. In the final section, some conclusions and possible extensions are suggested.
The model

General assumptions
Let us suppose that the city we are to model is a linear city on a long strip of homogeneous agricultural land. The width of the strip is one unit of distance that is small compared with its length [this kind of setting has been used by a number of authors, for example Beckmann (1976) , Fujita and Ogawa (1982) , Sakashita (1987) , Solow and Vickrey (1971) , and Tabuchi (1986) ]. In the city there are three types of economic agents: the services sector, business firms, and households. The interactive relations among them are as follows: the services sector provides goods and services for business firms and households, and households supply workers to the services sector.
2.1.1
The services sector Consider a services sector that provides producer services and consumer services for firms and households. It is supposed a priori that the sector locates at the city center, because the service industries are demand-oriented and would tend to locate centrally to capture most of the demands made from the whole city. At the center, it produces goods and services by using labor as input through a production function expressed by S(N), where S(0) = 0, S(°°) = °o, 0 < dS/dN < °o, and N is the labor. Let the product price and the labor wage be p and w respectively. Then, the profit, Jt s , of the services sector is given as
It is assumed that in consuming the services provided at the city center, firms and households have to pay the transport cost as well as the mill price p. Let the unit transport cost be expressed by a linear function equal to kx, where x (> 0) is the distance from the city center, and k(> 0) is a parameter representing the cost of transporting a unit of goods and services per unit of distance.
Business firms
Suppose there are M identical business firms in the city. Each firm, /, produces export commodities Q by using as inputs land, L f , and the services, S f , supplied by the services sector. Let the price of the output be given by q and the location of the firm be at a distance x from the city center; the profit of the firm can be written as
where O(jt) is land rent for a unit of land at x, Q{L f , S f ) represents production, and 3Q/3L / > 0 and dQ/dS f > 0.
2.1.3 Households There are N households in the city that are identical in consumption tastes and income. The utility function, U, of each household, h, is given by
where U is utility level, L h is the land consumed, S h is the services consumed which are provided by the services sector, and dU/dL h > 0, d\J/dS h > 0. Each household supplies one worker to the services sector from which wage w is earned. It is supposed that the wage is the only source of household income and is used up in the consumption of land and services and in commuting to the center. So the budget constraint of a household living at x can be written as
where <£(*) is the land rent for a unit of land at x, and c is commuting cost per unit of distance.
Bid-rent functions and equilibrium conditions
Suppose that the city in question here is a small open economy, which is different from that described by Fujita and Ogawa (1982) , whose city was closed. Then, the price of products of business firms and the utility level of households can be treated as being given exogenously. For simplicity, we assume that the lot sizes L f and L h consumed by each firm and household, respectively, are fixed, and the production technology of business firms is a simple input-output production function. Thus the output of the firm can be determined as Q = Q(L f , S f ), and the amount of services consumed by the household can be given by S h = S h (U*, L h ), where S h (U*, L h ) is the inverse function described in equation (3), with U* given. Now suppose the price of services is distance-invariable in equilibrium. If we add the assumption of perfect competition among business firms, all firms should make zero profit, or 7t f = 0, at any location. From equation (2), the bid-rent function, r(x), of the firm is derived as
f which is decreasing in x.
On the other hand, let the labor market be also perfectly competitive and the wage w be at an equilibrium level. So, by equation (4), the household's bid-rent function, R(x), is written as
which is also decreasing in x. According to Alonso's bid-rent theory (1964) , when the land market is perfectly competitive the spatial structure of the intraurban system is determined by the market-rent profile, O(x), which is the upper envelope of all bid-rent curves for urban agents. Let F(x) be the density of business firms, H(JC) the density of households, and R A be the given agricultural rent. Equilibrium conditions in the urban land market can be expressed as
so that
R A , on the city borders, and
For the business firms, the constraint on the total number is given by
Similarly, for the households we have
The demand -supply balance of the services is expressed as
about which the following assumption is added:
In fact, this sounds reasonable because the marginal productivity of the services sector should exceed the marginal consumption of the households in order to supply additional services for the business firms to consume. As to the (mill) price of the services, p, it is assumed that p is to be decided by the services sector itself when the intraurban spatial structure has been determined, but to business firms and households the service price is treated as given. And further, it is assumed that in order to capture and keep all the demands from the whole city the service price is decided so that the urban agent (household or firm) on the city border can just satisfy its budget or zero-profit constraint.
Last, for the variables, there are some nonnegativity (or positivity) constraints as follows:
The (in)equalities (7) to (14) are in fact the necessary and sufficient conditions for the urban system, described by {F(x), H(x), O(x), M, N}, to be in equilibrium.
Equilibrium land-use patterns
In view of the shapes of bid rents r(x) and R(x) represented by equations (5) and (6), respectively, there seem to be three possible intraurban land-use patterns in the linear city. In the following subsections, I shall discuss them intensively in turn.
The centralized pattern
As shown in figure 1, in a centralized pattern the business-firm districts (BD) locate around the city center where the services sector exists, whereas the residential areas (RA) are located outside. That is, business firms are centralized.
For this pattern, from equation (9) it can easily be seen that 
At *i there exists the equality r^) = Rfo) which, by using equations (5) and (6), can be written as
Note that at x 0 there should exist R(* 0 ) = RAJ which, however, is no longer binding on the state variables because p is assumed to be adjusted to meet this constraint. By adding equation (12) to equations (17) to (19) we have four equations of four unknowns (x l9 x 0 , M, N) to be solved simultaneously.
From the figure it can be seen that the necessary condition for this spatial pattern to exist is for the land-rent slope condition to be as follows: (20) which, by using equations (5) and (6), gives us the inequality
That is, for a unit of distance, the firm's service-transport cost per unit of land used is higher than the sum of the household's service-transport cost and commuting cost per unit of land used. But to see the sufficient condition obeyed we have to confirm the existence of positive solutions for the four unknowns (x l9 x 0 , M, N). From equations (17) and (18) we have
So, if we can show that x x is positive, by equation (17) M will be positive, and by equation (12) N will be positive* 1 *; and then by equation (22) x 0 will also be positive. However, from equation (19) we get
which, if using inequality (21), will give positive x x only if
Here we also assume that q is given to satisfy the inequality qQ-pS f > R A L f > 0 so that the business firms could exist in the city. Therefore, the above inequality gives the condition for the centralized pattern to be in equilibrium. This condition means that if we choose income w the controlling parameter, for this land-use pattern to appear, income should be lower than a certain level, w 0 , which is equivalent to (L h /L f )(qQ-pS f ) + pS h .
The decentralized pattern
In the decentralized pattern, shown in figure 2 , the business-firm districts (BD) are decentralized from the city center where the services sector (SS) is located, and the residential areas (RA) are around the center. Suppose for this pattern the common border between BD and RA is denoted by x 2 , equations (10) and (11) Figure 2 . Land-use patterns in a decentralized, linear city in which the services sector lies at the city center. .Note: BD, business district; RA, residential area; SS, services sector; r(x), bid rent of firm; R(JC), bid rent of household; JC, distance from city center.
As it has been assumed, that S h < dS/dN < oo, we have dty/dN = dS/dN-S h , which is greater than 0. Thus, as <| )(0) = -MS f , which is less than 0, we get N > 0 from ty(N) = 0. 
Here, x 2 is to be determined from the expression R(JC 2 ) = r(x 2 ), which, from equations (5) 
which implies that for a unit of distance, the firm's service-transport cost per unit of land used is lower than the sum of the household's service-transport cost and commuting cost per unit of land used. To find the sufficient condition of this pattern, from equations (25) and (26), we can use equation (22) 
which requires that income be greater than a certain level, w 0 . Inequality (31) is in fact the condition that must be satisfied for the decentralized pattern to be in equilibrium. 
The integrated pattern
MLf + NL h where M and N are to be determined at equilibrium.
At the city border, denoted by x 0 , we have r(x 0 ) = R{x 0 ) = R A , that is,
Meanwhile, x 0 can be expressed by
So, from equations (12), (34), (35), and (36) 
3R dx c + kS h
That is, for a unit of distance, the firm's service-transport cost per unit of land used is equal to the sum of the household's service-transport cost and commuting cost per unit of land used. It can be shown from equations (12), (35), and (36) that we can have positive solutions for x 0 , M, and ~N (see appendix). Thus, from equation (34) we obtain the sufficient condition for the integrated pattern by using equation (38):
which means that if income is given at a certain level, w 0 , while the rent slope condition (38) is satisfied, the integrated pattern will be in equilibrium. 
Catastrophe in urban space
In this section, the new technique of catastrophe theory is first briefly reviewed, and then a catastrophe analysis of the spatial patterns obtained in the last section is carried out, through which the equilibrium and the catastrophe phenomena in the intraurban system are discussed.
In general terms, for a system described by some state variables and parameters, catastrophe theory is concerned with the structural stability of the state variables when there are small and smooth changes in the controlling parameters. Here, the degree of structural stability under perturbation in the parameters tells us whether the system will change its essential characters or whether the state variables will suffer sudden and discrete (catastrophic) variations (see Wilson, 1981) .
Mathematically, let the system of interest be expressed by a potential function (or a polynomial) V(z, 0), where z represents a state variable vector and 0 a parameter vector. By optimization theory, the possible equilibrium states of the system can be obtained as the maxima (or minima) of V(z, 0), denoted by a manifold, W, from
Because catastrophic changes of equilibrium states arise from the degenerate singularity subset of manifold W, the catastrophic points (or the bifurcation set) can be given by letting the Hessian matrix of V(z, 0), denoted as H(V), be singular, or
By solving equations (40) and (41) simultaneously for 0, we can find a subset of 0 where the system will be structurally unstable and suddenly change to another (dis)equilibrium state.
Analysis of urban spatial structure by catastrophe theory
In the present model concerning urban spatial structure, under the market mechanism urban land at any location is rented to the highest bidder, and in equilibrium the total market land rent is maximized. From this view, the potential function of the intraurban system can be represented by the total market rent of the city, which is the total land rent less the total opportunity cost (agricultural rent), namely the total differential rent of the city. Under these conditions, the potential function of the centralized pattern can be written as
F=A [qQ-(p + kx)S f ]dx + [w -ex -(p + kx)S h ]dx -2 R A d* (42)
where x x and x 0 are state variables of the potential function to be maximized, and k is the parameter in the catastrophe analysis. By letting the derivatives of V with respect to x x and x 0 be zero, we get
which correspond, respectively, to the expressions r(^: 1 ) = R(*i) and R(* 0 ) = R A in subsection 3.1. Let H( V) be the Hessian matrix of the potential function; according to optimization theory, for the potential function to have a maximum, H( V) should be negative definite, or By equations (43) and (44), it can be confirmed that inequality (45) will be satisfied only if there exists the following inequality:
which is just the rent-slope condition (21) obtained in subsection 3.1. By applying catastrophe theory here, it is seen that the catastrophic changes will happen if we assume det[H(F)] = 0, which, by use of equations (43) and (44), is equivalent to
Let us rewrite the above as
in which we suppose the firm's marginal consumption of services per unit of land is greater than that of the household's, or S f /L f > S h /L h , which ensures the positivity of k. So it is clear that if k happens to take this value the equilibrium, if it exists, will turn out to be structurally unstable. When inequality (46), or the equivalent form
is satisfied the centralized pattern will be in equilibrium. But, as demonstrated in subsection 3.1, for this pattern to exist condition (24) has to be satisfied, that is, conditions (24) and (49) must hold simultaneously. These conditions are illustrated in the (k, w) plane in figure 4 . Similarly, for the decentralized pattern the potential function can be written as
where x 2 and x 0 are the state variables. 
T-(qQ-pS r )+pS h .
By using the same approach as for the centralized pattern, we can show that when equation (48) is satisfied the equilibrium of decentralized pattern, if it exists, will be structurally unstable. For this pattern to be in equilibrium the following condition must hold and the sufficient condition of the pattern is inequality (31), obtained in subsection 3.2. These two conditions are shown in figure 4 .
Last, for the integrated pattern, with the potential function expressed as
0 it can be shown that because the Hessian determinant is always negative definite, the equilibrium of this pattern, if it exists, will always be structurally stable. The necessary and sufficient conditions are equations (38) and (39) which are represented by a point on the (k,w) plane in figure 4.
Catastrophe in intraurban space
From the analysis in the last subsection, we have seen that when k > k 0 and w < w 0 the centralized land-use pattern is in equilibrium, when k < k 0 and w > w 0 the decentralized pattern reaches equilibrium, and when k = k 0 and w = w 0 the integrated pattern will dominate the intraurban space (see figure 4) . By figure 4 it also becomes clear that if there happens to be k < k 0 and w < w 0 , or k > k 0 and w > w Q , no equilibrium will result and the intraurban system will be in a state of disequilibrium. In a dynamic view, for a centralized pattern, when w is kept lower than w 0 but k is decreased to k 0 , the equilibrium will become structurally unstable and a sudden change from equilibrium to disequilibrium will occur at that point. If, in another case, k is fixed higher than k 0 while w is raised to w 0 , the existing equilibrium will also turn to disequilibrium. (Note that in this case the catastrophic change in the sense of degenerate singularity may not occur.) Such structural transition from equilibrium to disequilibrium, or from a state of single solution to that of nonsolution, could be called a catastrophe in the urban space.
To interpret the foregoing arguments, let us imagine a nation in an initial development stage: the income level of the citizens is rather low and the technology for transporting goods and services provided at the city center is poor, that is, the transport cost of services is rather high, so urban space is dominated by the centralized land-use pattern, where business firms are centralized. When the citizen's income is raised to a higher level and the transportation of goods and services is much improved, say by the development of transportation and communication, the cost to access goods and services at the city center is lowered greatly and so the decentralized land-use pattern will replace the centralized one in the urban space, that is, business firms are suburbanized. In the structural transition from the centralized pattern to the decentralized, the urban system will not always appear in an equilibrium state. Probably a midway stage of disequilibrium would be experienced, where some violent economic fluctuations like soaring land prices and the switching of locations of urban agents could appear.
In the present model, if we take the variable representing the common border between business district and residential area, denoted by x i9 as the typical state variable of the system, and using equations (23) and (30), we can represent the situation of figure 4 in the (k, w, x) space (figure 5). In figure 5 we also draw three possible scenarios of urban structural transition from the centralized pattern to the decentralized when income and the cost of service transport are varying. Among them, scenarios A and C show two ways that catastrophe in the urban space would happen as the system transforms from equilibrium into disequilibrium and on to equilibrium. But scenario B suggests the possibility that the centralized pattern can at first change to the integrated pattern and then transform into the decentralized pattern; along this path no catastrophe would result.
In the real world, however, urban structural transitions are much more varied. Sometimes we may observe that most business firms are suburbanized, accompanied by some violent socioeconomic fluctuations. Sometimes business firms seem to suburbanize more gradually than catastrophically and at most locations in the city the business firms appear to be integrated or mixed with the urban residential area. So, to show how suburbanization has been in process in a specific urban area it is necessary to do much more empirical work, which is the next step to be taken after this paper.
Last, I should point out that the present model seems capable of being used to explain the urban structural transition in a reverse direction, that is, from the decentralized pattern to the centralized, which has been observed recently in some large metropolitan areas (like Tokyo) for some business industries (say office business industries). To study this, one must keep the income w constant and choose the product price of the business firms q as the controlling parameter.
^-Transition from centralized to decentralized pattern in the (k, w) space _-....»Transition from centralized to decentralized pattern in the (k, w, x) space Figure 5 . Routes from the centralized pattern to the decentralized pattern in the (k, w, x) space. Note: CP, centralized pattern; DP, decentralized pattern; IP, integrated pattern. Scenarios A and C: city moves from CP via disequilibrium to DP; B: city moves from CP via IP to DP; A', B', and C: mappings of A, B, and C into the (k, w) space.
Concluding remarks
In this paper, I have proposed a general equilibrium model of an intraurban system with three economic sectors: households, business firms, and a services sector that supplies goods and services for the two other sectors. Here, the services sector, located at the city center, is the force that drives business firms and households to aggregate at the center, and thus seems to be playing the same role as the central port or agglomeration economies in the formation of the city. From the model, three spatial land-use patterns have been derived: centralized, decentralized, and integrated. It has been shown that when the income level of the city is low and the cost of transporting the services is high the centralized pattern will dominate urban space. As income is increased to a higher level and service transportation is much improved, the centralized pattern will suddenly lose its equilibrium and will turn into a disequilibrium, and then the decentralized pattern will achieve equilibrium in urban space. Also it seems possible that the centralized pattern could transform smoothly to the integrated pattern first and then to the decentralized pattern. Whether the structural transition in urban space would take place catastrophically or gradually would depend upon the path that income and transport cost pass through. From the model, urban centralization and decentralization (or suburbanization) are in fact two different states of equilibrium of the intraurban system; between them, the intertransformation can take a discontinuous form when the controlling parameters take some critical values. This result differs from some classic studies in urban economics (Wheaton, 1974) in which the existence of equilibria was not confirmed and suburbanization was considered to be a continuous extension of the centralized formation.
As a further extension of this model, it would be interesting to study the connection between the services sector and the interurban spatial structure. Other important work to be done in the future is to make an empirical study of some specific urban areas to verify the main conclusions derived from this model.
